abstract: The aim of this paper is to introduce and study upper and lower almost semi-I-continuous multifunctions as a generalization of upper and lower semi-I-continuous multifunctions, respectively.
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R. Saritha and N. Rajesh introduce and study upper (lower) almost-I continuous multifunctions and obtain several characterizations of upper (lower) almost semi-I-continuous multifunctions and basic properties of such functions.
Preliminaries
Throughout this paper, (X, τ ) and (Y, σ) (or simply X and Y ) always mean topological spaces in which no separation axioms are assumed unless explicitly stated. Let A be a subset of a space X. For a subset A of (X, τ ), Cl(A) and Int(A) denote the closure of A with respect to τ and the interior of A with respect to τ , respectively. A subset S of an ideal topological space (X, τ , I) is semi-I-open [8] if S ⊂ Cl ⋆ Int(S). The complement of a semi-I-closed set is said to be a semi-I-open set. The semi-I-closure and the semi-I-interior, that can be defined in the same way as Cl(A) and Int(A), respectively, will be denoted by sI Cl(A) and sI Int(A), respectively. The family of all semi-I-open (resp. semi-I-closed) sets of (X, τ , I) is denoted by SIO(X) (resp. IC(X)). The family of all semi-I-open (resp. semi-Iclosed) sets of (X, τ , I) containing a point x ∈ X is denoted by SIO(X, x) (resp. IC(X, x)). A subset A is said to be regular open [20] (resp. semiopen [11] , preopen [12] , semi-preopen [2] ) if A = Int(Cl(A)) (resp. A ⊂ Cl(Int(A)), A ⊂ Int(Cl(A)), A ⊂ Cl(Int(Cl(A)))). The complement of regular open (resp. semiopen, semipreopen) set is called regular closed (resp. semiclosed, α-closed, semi pre-closed) set. The intersection (resp. union) of all semiclosed (resp. semiopen) set containing (resp. contained in) A ⊂ X is called the semiclosure (resp. semiinterior) of A and is denoted by s Cl(A) (resp. s Int(A)). The family of all regular open (resp. regular closed, semiopen, semiclosed, preopen, semi-preopen, semi-preclosed) sets of (X, τ ) is denoted by RO(X) (resp. RC(X), SO(X), SC(X), P O(X), SP O(X), SP C(X)). By a multifunction F : (X, τ ) → (Y, σ), we shall denote the upper and lower inverse of a set B of Y by F + (B) and F − (B), respectively, that is, F + (B) = {x ∈ X : F (x) ⊂ B} and F − (B) = {x ∈ X : F (x) ∩ B = ∅}. In particular, F − (y) = {x ∈ X : y ∈ F (x)} for each point y ∈ Y and for each A ⊂ X, F (A) = x∈A F (x). A multifunction F : (X, τ , I) → (Y, σ) is said to be lower semi-I-continuous [1] (resp. upper semi-I-continuous) multifunction if F − (V ) ∈ SIO(X, τ ) (resp. F + (V ) ∈ SIO(X, τ )) for every V ∈ σ. A subset N of an ideal topological space (X, τ , I) is said to be semi-I-neighborhood of a point x ∈ X, if there exists a semi-I-open set V such that x ∈ V ⊂ N .
Lemma 2.1. The following statements are true:
1. Let A be a subset of a space (X, τ ). Then A ∈ P O(X) if and only if s Cl(A) = Int(Cl(A)) [6] .
2. A subset A of a space (X, τ ) is semi-preopen if and only if Cl(A) is regular closed [2] .
Definition 2.2. [19] A multifunction F : (X, τ , I) → (Y, σ) is said to be:
1. lower weakly semi-I-continuous if for each x ∈ X and each open set V of Y such that x ∈ F − (V ), there exists U ∈ SIO(X, x) such that U ⊂ F − (Cl(V )), 2. upper weakly semi-I-continuous if for each x ∈ X and each open set V of Y such that x ∈ F + (V ), there exists U ∈ SIO(X, x) such that U ⊂ F + (Cl(V )), 3 . weakly semi-I-continuous if it is both upper weakly semi-I-continuous and lower weakly semi-I-continuous.
On upper and lower almost semi-I-continuous multifunctions
Definition 3.1. A multifunction F : (X, τ , I) → (Y, σ) is said to be:
1. lower almost semi-I-continuous if for each x ∈ X and each open set V of Y such that x ∈ F − (V ), there exists U ∈ SIO(X, x) such that U ⊂ F − (Int(Cl(V ))),
2. upper almost semi-I-continuous if for each x ∈ X and each open set V of Y such that x ∈ F + (V ), there exists U ∈ SIO(X, x) such that U ⊂ F + (Int(Cl(V ))),
almost semi-I-continuous if it is both upper almost semi-I-continuous and lower almost semi-I-continuous.
It is clear that every upper (lower) semi-I-continuous function is upper (lower) almost semi-I-continuous. But the converse is not true as shown by the following example.
Example 3.2. Let X = {a, b, c}, τ = {∅, {a}, X}, σ = {∅, {b}, X} and I = {∅, {a}}. Then the multifunction F : (X, τ , I) → (X, σ) defined by F (x) = {x} for all x ∈ X is upper almost semi-I-continuous but is not upper semi-I-continuous. 
4. for each x ∈ X and for each closed set K such that x ∈ F + (Y \K), there exists a semi-I-closed set H such that x ∈ X\H and F − (Cl(Int(K))) ⊂ H,
. for each point x of X and each neighbourhood V of F (x), F + (Int(Cl(V ))) is a semi-I-neighbourhood of x, 10. for each point x of X and each neighbourhood V of F (x), there exists a semi-
Proof.
(1)⇔(2): The proof follows from Definition 3.1 and lemma 2.1.
(1)⇒(5): Let V be any open set of Y and x ∈ F + (Int(Cl(V ))). By (1), there exists U x ∈ SIO(X, x) such that U x ⊂ F + (Int(Cl(V ))). Therefore, we obtain 
) is a semi-I-neighbourhood of x. (9)⇒(10): Let x ∈ X and V be a neighbourhood of F (x). By (9) ,
(10)⇒(1): Let x ∈ X and V be any open set of Y such that F (x) ⊂ V . Then V is a neighbourhood of F (x). By (10) , there exists a semi-I-neighbourhood U of
. We obtain that F is upper almost semi-I-continuous. ✷ 
4. for each x ∈ X and for each closed set K such that x ∈ F − (Y \K), there exists a semi-I-closed set H such that x ∈ X\H and F + (Cl(Int(K))) ⊂ H,
Proof. We Prove only (1)⇒(2), (2)⇒(3), (3)⇒(4). The other proofs can be obtained similarly as Theorem 3.3.
Since F is lower almost semi-I-continuous, there exists U ∈ SIO(X, x) such that 1. F is upper almost semi-I-continuous; 1. F is lower almost semi-I-continuous;
Proof. The proof is similar to that of Theorem 3.5 and is thus omitted. ✷ Definition 3.7. Let (X, τ , I) be an ideal topological space and let (x α ) be a net in X. It is said that the net (x α ) semi-I-converges to x if for each semi-I-open set G containing x in X, there exists an index α 0 ∈ I such that x α ∈ G for each α ≥ α 0 .
is a lower (upper) almost semi-I-continuous multifunction, then for each x ∈ X and for each net (x α ) which semi-I-converges to x in X and for each open set
Proof. Let (x α ) be a net semi-I-converges to x in X and let V be any open set in Y such that x ∈ F − (V ). Since F is lower almost semi-I-continuous multifunction, there exists a semi-I-open set U in X containing x such that U ⊂ F − (Int(Cl(V ))). Since (x α ) semi-I-converges to x, there exists an index α 0 ∈ J such that x α ∈ U for all α ≥ α 0 . So we obtain that
). The proof of the upper almost semi-I-continuity of F is similar to the above. ✷ Definition 3.9. Let (X, τ ) be a topological space. The collection of all regular open sets forms a base for a topology τ * . It is called the semiregularization. In case when τ = τ * , the space (X, τ ) is called semiregular [20] .
be a multifunction from a topological space (X, τ ) to a semiregular topological space (Y, σ). Then F is lower almost semi-I-continuous multifunction if and only if F is lower semi-I-continuous.
Proof. Let x ∈ X and let V be an open set such that
Hence F is lower semi-I-continuous. The converse is obvious. ✷ Suppose that (X, τ ), (Y, σ) and (Z, η) are topological spaces. It is known that if Proof. Suppose that F is lower almost semi-I-continuous. Let
Since s Cl F is lower almost semi-I-continuous, by Theorem 3.4, there exists U ∈ SIO(X, x) such that (s Cl F )(u) ∩ s Cl(V ) = ∅ for every u ∈ U . Therefore, we obtain that F (u) ∩ s Cl(V ) = ∅ for every u ∈ U . It follows from Theorem 3.4, F is lower almost semi-I-continuous. ✷ 
is a multifunction such that F (x) is α-paracompact and α-regular for each x ∈ X, then we have the following
Then we have F (x) ⊂ V and by Lemma 3.16, there exists an open set H of V such that
is α-paracompact and α-regular for each x ∈ X. Then the following statements are equivalent:
1. F is upper almost semi-I-continuous;
2. sI Cl F is upper almost semi-I-continuous;
3. Cl F is upper almost semi-I-continuous.
Proof. We put G = sI Cl F or Cl F . Suppose that F is upper almost semi-Icontinuous. Let x ∈ X and V be any open set of Y containing G(x). By Lemma 3.17,
for each u ∈ U . Therefore, we obtain G(U ) ⊂ s Cl(V ). This shows that G is upper almost semi-I-continuous. Conversely, suppose that G is upper almost semi-Icontinuous. Let x ∈ X and V be any open set of Y containing F (x). By Lemma 3.17, x ∈ F + (V ) = G + (V ) and hence G(x) ⊂ V . There exists U ∈ SIO(X, x) such that G(U ) ⊂ s Cl(V ). Therefore, we obtain F (u) ⊂ s Cl(V ). This shows that F is upper almost semi-I-continuous. ✷ Theorem 3.19. Let F : (X, τ , I) → (Y, σ) be a multifunction such that F (x) is α-paracompact and α-regular for each x ∈ X. Then the following statements are equivalent:
1. F is lower almost semi-I-continuous;
2. sI Cl F is lower almost semi-I-continuous;
3. Cl F is lower almost semi-I-continuous.
Proof. We put G = sI Cl F or Cl F . Suppose that F is lower almost semi-Icontinuous. Let x ∈ x and V be any open set of Y such that G(x)∩V = ∅. Since V is open, F (x)∩V = ∅ and there exists U ∈ SIO(X, x) such that F (u)∩Int(Cl(V )) = ∅ for each u ∈ U . Therefore, we obtain G(u) ∩ Int(Cl(V )) = ∅ for each u ∈ U . This shows that G is lower almost semi-I-continuous. Conversely, suppose that G is lower almost semi-I-continuous. Let x ∈ X and V any open set of Y such that 
Since F is upper weakly semi-I-continuous at x and
is compact for each x ∈ X and Y is regular. Then, the following are equivalent:
1. F is upper weakly semi-I-continuous;
2. F is upper almost semi-I-continuous;
3. F is upper semi-I-continuous. 
there exist open sets U (y) ⊂ X and V (y) ⊂ Y containing x and y, respectively, such that F (U (y)) ∩ V (y) = ∅. The family {V (y) : y ∈ F r(W )} is a cover of F r(W ) by open sets of Y . Since F r(W ) is compact, there exists a finite subset K of F r(W ) such that F r(W ) ⊂ ∪{V (y) : y ∈ K}. Since F is upper weakly semi-I-continuous, there
Then we obtain U ∈ SIO(X, x), F (U ) ⊂ Cl(W ) and F (U )∩F r(W ) = ∅. Therefore, we obtain F (U ) ⊂ W ⊂ V . This shows that F is upper semi-I-continuous. ✷ For a multifunction F : (X, τ , I) → (Y, σ), the graph multifunction G F : X ⇒ X × Y is defined as follows: G F (x) = {x} × F (x) for every x ∈ X. Lemma 3.28. For a multifunction F : (X, τ , I) → (Y, σ) , the following hold:
for any subsets A ⊂ X and B ⊂ Y [15] .
Theorem 3.29. Let F : (X, τ , I) → (Y, σ) be a multifunction such that F (x) is compact for each x ∈ X. Then F is upper almost semi-I-continuous if and only if (W ) )). Therefore, we obtain U ∩ U 0 ∈ SIO(X, x) and G F (U ∩ U 0 ) ⊂ Int(Cl(W )). This shows that G F is upper almost semi-I-continuous. ✷ Proof. Suppose that F is lower almost semi-I-continuous. Let x ∈ X and W be any open set of X × Y such that x ∈ G − F (W ). Since W ∩ ({x} × F (x)) = ∅, there exists y ∈ F (x) such that (x, y) ∈ W and hence (x, y) ∈ U × V ⊂ W for some open sets U and V of X and Y , respectively. Since
Furthermore, x ∈ U ∩ G ∈ SIO(X) and hence G F is lower almost semi-I-continuous. Conversely, suppose that G F is lower almost semi-I-continuous. Let x ∈ X and V be any open set of Y such that 
Let {X α : α ∈ ▽} and {Y α : α ∈ ▽} be any two families of topological spaces with same index set ▽. For each α ∈ ▽, let F α : X α → Y α be a multifunction. The product space Π{X α : α ∈ ▽} will be denoted by ΠX α and the product multifunction ΠF α : ΠX α → ΠY α , defined by F (x) = Π{F α (x α ) : α ∈ ▽} for each x = {x α } ∈ ΠX α , is simply denoted by F : ΠX α → Y α . Theorem 3.33. Let F α : (X, τ , I) → (Y, σ) α be a multifunction for each α ∈ ▽ and F : X → ΠY α a multifunction defined by F (x) = Π{F α (x) : α ∈ ▽} for each x ∈ X. If F is upper almost semi-I-continuous (resp. lower almost semi-I-continuous), then F α is upper almost semi-I-continuous (resp. lower almost semi-I-continuous) for each α ∈ ▽.
Proof. Let x ∈ X, α ∈ ▽ and V α any regular open set of Y α containing F α (x). Then P −1 α (V α ) = V α × Π{Y β : β ∈ ▽ and β = α} is a regular open set of ΠY α containing F (x), where P α is the natural projection of ΠY α onto Y α . Since F is upper almost semi-I-continuous, there exists U ∈ SIO(X, x) such that 
is an upper almost semi-I-continuous multifunction such that F (x) is α-nearly paracompact for each x ∈ X and Y is Hausdorff, then for each
Since Y is Hausdorff, for each a ∈ F (X) there exist open sets V (a) and W (a) containing a and y, respectively, 
is an upper almost semi-I-continuous multifunction such that F (x) is compact for each x ∈ X and Y is Hausdorff, then for each (x, y) ∈ X × Y \G(F ), there exist U ∈ SIO(X, x) and an open set V containing y such that
Theorem 3.38. Suppose that (X, τ ) and (X α , τ α ) are topological spaces, where α ∈ J. Let F : X → Π α∈J X α be a multifunction from X to the product space Π α∈J X α and let P α : Π α∈J X α → X α be the projection for each α ∈ J. If F is upper (lower) almost semi-I-continuous multifunction, then P α • F is upper (resp. lower) almost semi-I-continuous multifunction for each α ∈ J.
Proof. Take any α 0 ∈ J. Let V α0 be an open set in (X α0 , τ α0 ). Then (
Almost Semicontinuous Multifunctions via Ideals
Since F is upper (resp. lower) almost semi-I-continuous multifunction and since
X α is a regular open set, it follows that Proof.
set. Since F is upper (lower) almost semi-I-continuous multifunction, it follows that
) is a semi-I-open set. Thus, we show that F α is upper (resp. lower) almost semi-I-continuous multifunction. ✷ Theorem 3.40. Suppose that (X, τ ), (Y, σ), (Z, η) are topological spaces and
is upper (lower) almost semi-I-continuous multifunction, then F 1 and F 2 are upper (resp. lower) almost semi-I-continuous multifunctions.
Proof. Let x ∈ X and let K ⊂ Y , H ⊂ Z be open sets such that x ∈ F + 1 (K) and x ∈ F + 2 (H). Then we obtain that F 1 (x) ⊂ K and F 2 (x) ⊂ H and so (Cl(H)) ). Thus, we obtain that F 1 and F 2 are upper almost semi-I-continuous multifunctions. The proof of the lower almost I continuity of F 1 and F 2 is similar to the above. Proof. We prove only the case for F upper almost semi-I-continuous, the proof for F lower almost semi-I-continuous being analogous. Let α ∈ Λ and V be any open set of Y . Since F is upper almost semi-I-continuous, 
Recall that a multifunction F : (X, τ ) → (Y, σ) is said to be punctually connected if for each x ∈ X, F (x) is connected. In view of the fact that F + (H), F + (K) are disjoint and F is punctually connected, X = F + (H) ∪ F + (K) is a partition of X. This is contrary to the semi-I-connectedness of X. Hence, it is obtained that Y is a connected space. ✷
Recall that a multifunction F : (X, τ ) → (Y, σ) is said to be punctually closed if for each x ∈ X, F (x) is closed.
Theorem 3.46. Let F be an upper almost semi-I-continuous punctually closed multifunction and G be an upper almost continuous punctually closed multifunction from a space (X, τ ) to a normal space (Y, σ). Then the set K = {x ∈ X : 
47. An ideal topological space (X, τ , I) is said to be semi-I-T 2 [13] if for each pair of distinct points x and y in X, there exist disjoint semi-I-open sets U and V in X such that x ∈ U and y ∈ V .
Theorem 3.48. Let F : (X, τ , I) → (Y, σ) be an upper almost semi-I-continuous multifunction and punctually closed from a topological space (X, τ ) to a normal topological space (Y, σ) and let F (x) ∩ F (y) = ∅ for each distinct pair x, y ∈ X. Then X is a semi-I-T 2 space.
Proof. Let x and y be any two distinct points in X. Then we have F (x)∩F (y) = ∅. Since (Y, σ) is a normal space, it follows that there exist disjoints open sets U and V containing F (x) and F (y), respectively. Thus F + (Int(Cl(U ))) and F + (Int(Cl(V ))) are disjoint semi-I-open sets containing x and y, respectively. Thus, it is obtained that (X, τ ) is semi-I-T 2 . ✷ Definition 3.49. The semi-I-frontier of a subset A of a space (X, τ ), denoted by sIF r(A), is defined by sIF r(A) = sI Cl(A) ∩ sI Cl(X\A) = sI Cl(A)\I Int(A). Proof. Let x ∈ X at which F is not upper almost semi-I-continuous. Then there exists a regular open set V of Y containing F (x) such that U ∩ (X\F + (V )) = ∅ for every U ∈ SIO(X, x). Therefore, we have x ∈ sI Cl(X\F + (V )) = X\I Int(F + (V )) and x ∈ F + (V ). Thus, we obtain x ∈ sIF r(F + (V )). Conversely, suppose that V is a regular open set of Y containing F (x) such that x ∈ IF r(F + (V )). If F is upper almost semi-I-continuous at x, then there exists U ∈ SIO(X, x) such that U ⊂ F + (V ); hence x ∈ sI Int(F + (V )). This is a contradiction and hence F is not upper almost semi-I-continuous at x. The case for lower almost semi-I-continuous is similarly shown. ✷
In the following (D, >) is a directed set, (F λ ) is a net of multifunction F λ : (X, τ , I) → (Y, σ) for every λ ∈ D and F is a multifunction from X into Y . ✷
